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Experiments on ring wave packet generated by water

drop
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The propagation of ring wave packet (composed of carrier waves modulated by an envelope) generated
by a water drop was studied experimentally. It is a localized wave packet propagating with constant
velocity and low diffusion. The wavelength, the amplitude and the waveform of the carrier waves, the
velocity of the carrier waves and the packet have been measured. The measured wavelength A, of the
carrier waves and the measured group velocity Cg of the packet are near the minimum point of the
dispersion curve of group velocity, which may be the main reason why the packet can propagate with

low diffusion.
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In physics, the concept of wave motion originates from
the observation of water surface waves. The ring waves
generated by water drops are well known phenomena in
nature. In optics, the concept of subwave, which is like
the ring wave geometrically in 2-dimension case, is im-
portant in the formation of wave theory of optics. When
Le Mehaute!!! attempted to establish the theory of water
waves created by the impact of small objects in 1988, he
could find only one related photograph of the rings
caused by raindrops taken by Crapper'®. For the expla-
nation of the photograph, Crapper introduced a wave-
length Ay, where the group velocity reaches to a mini-
mum. The wavelengths of the inner rings are nearly
equal to Ay, while those of the outer rings are shorter
than A,,. According to Le Mchaute’s study, the number of
rings increases with time and distance. The ring waves
generated by raindrops can impact the detecting of ra-
dar®. An optical method was developed to measure
wave profiles along the radius™. They concluded the
characteristic wave number is 0.2 mm™".

In the spring of 2005, we observed a localized ring
wave packet in a water lily pond in our campus. We
found that such a wave packet appeared accidentally
when a duck dipped the water with its mouth. This ob-
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servation stimulated our original idea, and excited us to
carry out the experiments to quantitatively study this
kind of wave packet. In this paper, the propagation
process of the ring wave packet excited by a water drop
was recorded by a digital video camera with a speed of
30 fps. The packet is composed of carrier waves modu-
lated by an envelope. The wavelength A, of the carrier
waves, the group velocity C, of the packet and the
phase velocity C; of the carrier waves were measured.
From the dispersion curve (Figure 5) of the group veloc-
ity C, against the wavelength /1, one can find that A is
nearly equal to Ay, and C, is nearly equal to the mini-
mum value of the group velocity. This means that the
dispersion of group velocity is quite small, but the phase
velocity is still located in the linear dispersion range of
the dispersion curve. Figure 4 shows the propagation of
the carrier relative to the envelope. The wave packet can
keep its waveform with low diffusion by propagating
more than 1.4 m at a constant velocity in more than 10 s.
The low diffusion propagation maybe caused by the fact
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that the value of A, is very close to Ay,

From the viewpoint of dynamics, the wave that we
study is a kind of gravity-capillary waves. The gravity-
capillary water waves of solitary type have been studied
theoretically' and experimentally[s]. The observed V-
shaped depression curve in ref. [5] agrees well with the
theoretical curve in ref. [4]. The waves propagated as
free solitary waves in 1.1 s and were finally damped by
viscosity'™.

1 Experimental method

The experiments were carried out near the zigzag bridge
in Yuan-Ming Yuan Imperial Garden, where the water
surface was under the shadow of a building, so that the
sunlight is hardly interfered with the photography and
there were few disturbances by wind and other waves.
The ring waves were generated by periodically ejecting
water drops with a period of 7 = 1.6 s. The water drops
were produced by a siphon with an outlet diameter of 2
mm, each drop weighing 39 mg, which was selected in
an observation of waves in a basin!®. The drops were
ejected from a height of #,=147 cm above the water
surface, which was the distance between the platform of
bridge and water surface. The propagation of waves was
recorded by a digital video camera with resolution
640x480 pixels at 30 fps. The camera was installed
hy=245 cm above the water surface and was above the
outlet of the water drops. The optical axis of camera de-
viated an angle from the normal of water surface. Video
1 and Video 2 are experimental records on different
dates, and Figures 1—4 are cut from Video 1. Figures

2—4 are locally enlarged.

2 Results
2.1 The velocity of wave packets

From Figure 1, one can find there are six groups of ring
stripes, each group corresponding to a wave packet gen-
erated by a water drop, and the radius of the outmost
packet is 1.4 m. The bright and dark stripes are caused
by the scattering of the light by the waved surface, and
the bright stripes or dark ones are related to the position
where the normal of the water surface inclined to or
lapsed from the camera. In the lower left area of Figure
1, a white round object is used as a reference for length
measurements. Its real diameter is D = 6.55 cm, but in
the photograph it is d = 0.74 c¢m, and their ratio is r =

D/d = 8.94. The distances between the adjoining rings
are marked as dy, db, d; and dy. The original data of the
distances, listed in the left of Table 1, were obtained by
measuring them on Figure 1 by the scale of the reference
object. Considering that the optical axis of the camera
deviated an angle from the normal of the water surface
such that the objects in the photograph were distorted,
the results should be corrected. The camera is fixed ver-
tically above the position B with height /4, and the axis
of it points at the center O of the photograph. The dis-
tance L between B and O can be measured by the scale
of the reference object. The angle between the water
surface and the imaging surface of the camera can be
calculated by the values of 4, and L, and then the values
of dy—d, can be corrected by geometrical method. The
corrected values are listed in the right part of Table 1. For

water drops with a period of t =1.6 s, the corresponding
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Figure 1 The photograph of ring waves generated by water drops. There
are six groups of ring stripes in the figure, and the radius of the outmost
ring is 1.4 m. O denotes the center of the photograph and B is the position
above which the camera is fixed vertically. The real diameter of the white
reference object on the left of the ring center is D=6.54 cm, and that in the
photograph is d=0.74 cm, the ratio r=D/d=8.84. d,, d>, d; and d, denote the
distances between the adjoining rings.

Table 1 The measurement of the velocity of the wave packet
Original data” Corrected”
Distance (cm)  Velocity (cm/s) Distance (cm) Velocity (cm/s)

d 243 15.2 24.9 15.6
123 23.1 14.4 24.6 154
ds 22.8 143 25.2 15.8
ds 21.5 13.4 24.7 15.4

a) Evaluated by comparing with the reference object. b) Considering
that the optical axis of the camera deviated an angle from the normal of
the water surface such that the objects in the photograph have been dis-
torted, the results should be corrected. Data are corrected according to the
parameters /,=245 cm and o=11.4°, where %, denotes the height of the
camera and « the angle between the optical axis of the camera and the
normal of the water surface.
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velocities are evaluated and also listed in Table 1. The
average group velocity is Cye=(15.5+0.3) cm/s.

2.2 The velocity of carrier waves

Two locally enlarged pictures are shown in Figure 2.
One can find the carrier waves in the packet and one
bright stripe of carrier waves transports towards to the
reference object. Figure 2(a) and (b) are two subsequent
pictures with a time interval of 0.10 s. We marked and
measured the distance between the center of the bright
stripe and one edge of the reference, and thus obtained
the velocity of the carrier waves C,.=24.8 cm/s.

Figure 2 The measurement of the velocity of the carrier waves. The
time interval of the two photographs is 0.10 s. The distances between the
center of the bright stripe and the edge of the reference are »=12.84 cm
and 7,=10.36 cm, respectively. r1—,=(2.48+0.18) cm, and the velocity of
the carrier wave is (24.8+1.8) cm/s.

2.3 The wavelength, amplitude of the carrier waves
and nonlinearity

From the left part of Figure 3, we can obtain the wave-
length of the carrier waves, i.e. 2.=3.3 cm. In the right
part, at the point 31 cm away from the point of the water
drops impacting, the image of the edge of the bridge in
water is distorted by the wavy surface. The displacement
of the image along the normal of the edge of the bridge
is measured as A; =1.5 cm. The displacement of the im-
age of the bridge in water along the normal of the wave
front is A=2h, ¢, where ¢ is the slope angle of the water
surface caused by the wave and /4, is the distance be-
tween the platform of the bridge and the water surface.
Recorded by the camera, the displacement projecting on
the water surface is Aj=Ahy/(h,+h;), where h, is height
of the camera from the water surface, so the displace-
ment of the image of the edge the bridge in water is
proportional to the slope of the water surface. Assuming
the wave is locally a sine wave, we have @ = k4, where
A is the amplitude of the wave, and k=2n/A. Figure 3

also shows the angle between the edge of the bridge and

the normal of the wave front, namely, =18°. And we

have 4;=A;sind, so the amplitude can be written as
A=AAi(h+hy)/(41th hysin ). (1)

The evaluated value is 4 = 0.14 mm by substituting
the related values into eq. (1).

In Navier-Stokes equations, the ratio of the linear and
the nonlinear term is estimated to be A/2nA4. In the pre-
sent experiment, A./2nA=38, and in Russell’s experi-
ment'”), the ratio of amplitude to wavelength is 1/30,
A2nA=5. The nonlinearity in our experiment is about
1/8 of that in Russell’s experiment, but it still has suffi-
cient effects. The following discussion shows that the
nonlinearity appears only about 1 —2 s after water drop
impacts on water surface.

A;=15cm

Figure 3 The measurement of the wavelength and the amplitude. The
left part of the figure is used to measure the wavelength. The distance
between the adjoining crests is the wavelength, i.e. 3.3 cm. The right part
is used to measure the amplitude. The displacement of the image of the
bridge edge in water is 4=1.5 cm. The point of measuring amplitude is 31
cm away from the point of the water drops impacting.

2.4 The velocity of the carrier waves relative to the
envelope

The image of the edge of the bridge in water is distorted
by the wavy surface and makes a waveform imaging on
the picture (see the lower right part of Figure 1). Ac-
cording to the discussion in previous section, the crest
and the trough are corresponding to the positions of the
real wave where the slopes reach the maximum and the
minimum. It looks like a carrier wave modulated by an
envelope, shown in detail in Figure 4(a). In the previous
paragraph, we obtained the velocities of the wave packet
and the carrier waves, namely C,=15.5 cm/s and
Cpe=24.8 cm/s respectively; thus the velocity of the car-
rier waves relative to the envelope is
Cp = Cpe —Cge =(24.8—-15.5) cm/s =9.3 cm/s. (2)
In Figure 4(a), the trough of the carrier waves V is
located on the trough of the envelope. After a short time
of At, the next trough of the carrier waves V, replaces
the position of V7. Since 4.=3.3 cm, we have
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At:£=25:0.355, 3)
9.3

which corresponds to a time interval of 11—12 frames,
for the frame rate of 30 fps. Local enlarged pictures of
twelve sequent frames are listed in Figure 4(b). Two
white lines are drawn cross the positions of V; and V),
respectively. We can see that during the traveling to the
right of the wave packet, the deepness of trough V; de-
creases and that of trough V5 increases gradually. In the
12th picture trough ¥, has replaced trough V; and be-
come the new trough of the envelope.

Figure 4 The motion of the carrier wave relative to the envelope. (a)
Sketch of the motion of the carrier wave relative to the envelope. Four
wavelengths of carrier wave are included in a Gauss envelope. (b) Real
propagation of the carrier wave modulated by envelope, taken from Video
1, corresponding to the lower right part of Figure 1. The time interval is
1/30 s.

2.5 The values of phase velocity Cpand group veloc-
ity Cyon the dispersion curve

According to the linear wave theory™™, the phase veloc-
ity Cp and group velocity C, can be calculated as func-
tions of wavelength A, namely

C, = g_’1+2"_0, (4)
2n pd

dc,
Cg =Cp _ﬂd_ﬂ’ (5)

where ¢ = 0.045 N/m denotes the coefficient of surface
tension, g = 9.8 m/s® the gravity acceleration, p = 1000
kg/m3 the density of water and 4 the wavelength. The
result is shown in Figure 5. The coefficient of surface
tension o is well selected in the calculation to lessen the
differences between the measured values and the calcu-
lated values of both C, and C, at 4.
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Figure 5 Dispersion curve of water waves. Solid line, phase velocity Cy;

dashed line, group velocity C,. A. is the measured wavelength of the car-
rier wave.

3 Discussion
3.1 The distance that the wave can propagate

Due to geometrical diminishing, the energy density of a
ring wave is approximately proportional to 1/r, i.e. the
energy density at 1.5 m decreases to about one tenth of
that at 15 cm. A similar experiment has been carried out
in a basin with the water surface diameter being 68 cm.
A similar carrier wave modulated by an envelope
propagated to the wall of the basin and was reflected to
the center of the basin again and again for more than 7
times and the total distance was more than 4.7 m. This
experiment is still going on.

3.2 The concept of group velocity

The concept of group velocity in general physics is usu-
ally presented according to the original work of
Rayleigh!®. The superposition of two trains of sine
waves with similar wavelengths and frequencies forms a
carrier wave modulated by a wave with a low frequency.
The envelope propagates with group velocity while the
carrier wave propagates with phase velocity. In fact, it is
difficult to observe this phenomenon directly in disper-
sive media. Figure 4 shows the propagation of a carrier
wave relative to an envelope directly. Figure 4(a) can be
approximately treated as the superposition of two trains
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of sine waves with
k1:2ﬂ?//11 and k2=2n//12,

where ki+k,=n/Ac, ki—ky=m/len, and A=1.=3.3 cm, 1 =8/,
denoting the wavelengths of the carrier wave and the
envelope respectively. We can obtain 1; =2.93 cm,
4,=3.77 cm. One can find that the range of the wave-
length is located at the flat area of the dispersion curve
of group velocity (Figure 5). In this range, the phase
velocity 1is still dispersive, and the experiment can di-
rectly show the concepts of group velocity and phase
velocity.

3.3 The formation of packet generated by water
drop

By showing Video 1 frame by frame from the time of
the water drop impacting on the water surface, one can
find that the ring wave generated by the initial drop was
much intensive at the beginning and then disperses
gradually after the 9—12th frames. The carrier wave
modulated by an envelope is formed after the 30th frame
and propagates more than 1.4 m with little dispersion. In
our experiments the carrier wave modulated by an en-
velope is generated by the water drop or column spat-
tered by the initial water drop.

According to the existing reports, the shape splashed
by a water drop is quite complicated”’. Recently

1% and bouncing drops!' have caught much at-

crowns
tention. Besides the crown (see Figure 6(a)), a tower-like
water column with a drop on the spire (see Figure 6(b))
was recorded in our experiment. The formation of wave

packet by a water drop is worthy of further study.
3.4 The repeatability of experiment

A similar process to that in Video 1 is recorded in Video
2, from which we got Cge=15.4 cm/s, C,,e=25.2 cm/s.
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Figure 6 The shapes splashed by a water drop. (a) A crown, 90 ms after
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4 Conclusions

(1) The main reason why the packet can propagate
with low diffusion is that the wavelength of the carrier
waves is very close to the minimum point of the disper-
sion curve of group velocity.

(i1) Figure 4 shows the propagation of the carrier rela-
tive to the envelop intuitively, which can be use as an
example to explain the group velocity and the phase in
the textbook of general physics.

(iii) It is worthy of further study on the conditions and
the process of forming this kind of wave packet.
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